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SUMMARY 
A p r o c e d u r e  f o r  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  c o m p l e t e  i s o t h e r m a l  e l a s t o -  
h y d r o d y n a m i c  l u b r i c a t i o n  p r o b l e m  f o r  r e c t a n g u l a r  c o n t a c t s  i s  o u t l i n e d .  T h i s  
p r o c e d u r e  c a l l s  f o r  t h e  s i m u l t a n e o u s  s o l u t i o n  o f  t h e  e l a s t i c i t y  and Reynolds 
equations. I n  t h e  e l a s t i c i t y  a n a l y s i s  t h e  c o n j u n c t i o n  i s  d i v i d e d  i n t o  e q u a l  
rectangular   areas.  It i s  assumed t h a t  a un i fo rm  p ressu re   i s   app l i ed   ove r   each  
In  the  numer i ca l  ana lys i s  o f  t he  Reyno lds  equa t ion  the  pa ramete r  0 = 
i s  i n t r o d u c e d  i n  o r d e r  t o  h e l p  t h e  r e l a x a t i o n  p r o c e s s .  The a n a l y s i s  
c o u p l e s  t h e  e l a s t i c i t y  and Reyno lds  equa t ions ,  go ing  f rom the  i n le t  t o  the  
o u t l e t  w i t h o u t  m a k i n g  any assumpt ions other  than neglect ing s ide leakage.  
By u s i n g  t h e  p r o c e d u r e s  o u t l i n e d  i n  t h e  a n a l y s i s  t h e  i n f l u e n c e  o f  t h e  
dimensionless speed U, l o a d  W, and m a t e r i a l s  G parameters on  minimum film 
t h i c k n e s s  i s  i n v e s t i g a t e d .  Ten  cases  are  used t o  g e n e r a t e  t h e  minimum- 
f i l m - t h i c k n e s s  r e l a t i o n s h i p .  
- 
Hmin = 3.07 U 0.71G0.57w-0.11 
The  most  dominant  exponent  occurs i n  a s s o c i a t i o n  w i t h  t h e  speed parameter; the 
exponent  on  the  load  parameter i s  v e r y  s m a l l  and negat ive.  The m a t e r i a l s  pa- 
r a m e t e r  a l s o  c a r r i e s  a s ign i f i can t  exponen t ,  a l t hough  the  range  o f  t he  param- 
e t e r   i n   e n g i n e e r i n g   s i t u a t i o n s   i s   l i m i t e d .  The f i v e   d i m e n s i o n l e s s  speed 
parameter  values  used i n  o b t a i n i n g  t h e  p r e c e d i n g  e q u a t i o n  a r e  v a r i e d  o v e r  a 
range s i x  t imes   t he   l owes t  speed value. The four   d imens ion less   load   va lues  
are   var ied   over  a range 1.8 t imes  the  lowest   load  va lue.   Condi t ions  corre-  
sponding t o  t h e  use o f  s o l i d  m a t e r i a l s  o f  b r o n z e  and s t e e l  and l u b r i c a n t s  o f  
p a r a f f i n i c  and n a p h t h e n i c  m i n e r a l  o i l s  a r e  c o n s i d e r e d  i n  o b t a i n i n g  t h e  expo- 
nent i n  the  d imens ion less  ma te r ia l s  pa ramete r .  
film shape, and f l o w  w i t h i n  t h e  c o n t a c t .  The c h a r a c t e r i s t i c  p r e s s u r e  s p i k e  i s  
c l e a r l y  i n  e v i d e n c e  as i s  t h e  p a r a l l e l  film shape t h r o u g h  t h e  c e n t r a l  p o r t i o n  
o f  t h e  c o n t a c t .  Minimum film t h i c k n e s s  o c c u r s  n e a r  t h e  o u t l e t  o f  t h e  c o n t a c t .  
P l o t s  a r e  p r e s e n t e d  t h a t  i n d i c a t e  i n  d e t a i l  t h e  p r e s s u r e  d i s t r i b u t i o n ,  
INTRODUCTION 
The r e c o g n i t i o n  and unders tand ing  o f  e las tohydrodynamic  lubr ica t ion  rep-  
resents  one o f  t h e  m a j o r  d e v e l o p m e n t s  i n  t h e  f i e l d  o f  t r i b o l o g y  i n  t h e  twen- 
t i e t h  c e n t u r y .  The r e v e l a t i o n  o f  a prev ious ly   unsuspected  reg ime o f  l u b r i c a -  
t i o n  n o t  o n l y  e x p l a i n e d  t h e  r e m a r k a b l e  p h y s i c a l  a c t i o n  r e s p o n s i b l e  f o r  t h e  
e f f e c t i v e  l u b r i c a t i o n  o f  many nonconformal  machine  elements l i k e  g e a r s  and 
ro l l ing-e lement  bear ings ,  bu t  a lso  brought  o rder  to  the  comple te  spec t rum o f  
lubr ica t ion  reg imes,  rang ing  f rom boundary  to  hydrodynamic .  
H i s t o r i c a l l y  one o f  t h e  f i r s t  t o  s t u d y  t h e  e f f e c t  of e l a s t i c  d i s t o r t i o n  
i n  h i g h l y  l o a d e d  c o n t a c t s  was Meldah l   ( re f .  1). He examined t h e  e f f e c t  o f  
h igh  l oad  on film shape  and p r e s s u r e  d i s t r i b u t i o n  f o r  a c o n s t a n t - v i s c o s i t y  
l u b r i c a n t .  The f i r s t  a t t e m p t  t o  a n a l y z e  b o t h  e l a s t i c  and v i s c o u s  e f f e c t s  i n  
e las tohyd rodynamica l l y  l ub r i ca ted  con tac ts  was done  by Grub in  and Vinogradova 
( r e f .  2), who managed t o  i n c o r p o r a t e  b o t h  t h e  e f f e c t s  o f  e l a s t i c  d e f o r m a t i o n  
and t h e  v i s c o s i t y - p r e s s u r e  c h a r a c t e r i s t i c s  o f  t h e  l u b r i c a n t  i n  t h e  i n l e t  a n a l -  
y s i s  of  hydrodynamic l u b r i c a t i o n  o f  nonconformal  contacts.   Their   work  deal t  
m o s t l y  w i t h  a l i n e  c o n t a c t ,  and it was assumed t h a t  t h e  shape o f  t h e  e l a s t i c -  
a l l y  deformed s o l i d s  i n  h i g h l y  l o a d e d  l u b r i c a t e d  c o n t a c t s  was t h e  same as t h e  
shape produced i n  d r y   ( H e r t z i a n )   c o n t a c t s .   T h i s   a s s u m p t i o n   f a c i l i t a t e d   t h e  
s o l u t i o n  o f  t h e  R e y n o l d s  e q u a t i o n  i n  t h e  i n l e t  r e g i o n  o f  t h e  c o n t a c t  and en- 
a b l e d  t h e  s e p a r a t i o n  o f  t h e  s o l i d s  i n  t h e  c e n t r a l  r e g i o n  of t h e  c o n t a c t  t o  be 
de te rm ined  w i th  commendable accuracy. 
Dowson and H i g g i n s o n  ( r e f .  3 )  ob ta ined an e m p i r i c a l  f o r m u l a  f o r  t h e  i s o -  
thermal - l ine-contac t   e las tohydrodynamic   lubr ica t ion   p rob lem.   Th is   fo rmula  
showed t h e  e f f e c t  o f  speed, load, and m a t e r i a l  p r o p e r t i e s  on  minimum film 
thickness  and was based  on t h e i r   t h e o r e t i c a l   s o l u t i o n s .   I n   t h e   p r o c e d u r e   t h e y  
adopted, t h e  computed film shape was compared w i t h  t h e  shape  of t h e  e l a s t i c -  
a l l y  deformed sol ids,  and then  the  p ressu re  cu rve  was m o d i f i e d  t o  i m p r o v e  t h e  
agreement  between t h e  t w o  shapes.  These ca lcu la t ions  were  per fo rmed on hand- 
operated  desk  calculat ing  machines.  Jacobson  (ref .  4) so lved  the   e las tohydro-  
dynamic l u b r i c a t i o n  p r o b l e m  f o r  a s p h e r i c a l  c o n t a c t  u n d e r  p u r e  r o l l i n g  c o n d i -  
t i o n s  and a non-Newtonian l u b r i c a n t  w i t h  a l i m i t i n g   s h e a r   s t r e n g t h .  The  shear 
s t r e n g t h  o f  t h e  l u b r i c a n t  l i m i t e d  t h e  p r e s s u r e  g r a d i e n t s  and shear stresses i n  
t h e   o i l .   T h e r e f o r e  no pressure   sp ikes  were  seen i n  t h e  t h e o r e t i c a l  s o l u t i o n s .  
c a l  approach t o  c o u p l i n g  t h e  e l a s t i c i t y  e q u a t i o n  w i t h  t h e  R e y n o l d s  e q u a t i o n  
f o r  e l l i p t i c a l  c o n t a c t s  s u c h  as  those  no rma l l y  f ound  in  gea rs  and b a l l  bear- 
ings.  Hamrock and Dowson's  work on e l a s t o h y d r o d y n a m i c   l u b r i c a t i o n   ( r e f .  6 )  
cons ide red  the  comp le te  spec t rum o f  con tac t  geomet r i es  ( rang ing  f rom po in t  t o  
l i n e  c o n t a c t s ) ,  m a t e r i a l s  ( h a r d  and s o f t ) ,  and l u b r i c a n t  a v a i l a b i l i t y  ( f u l l y  
f l o o d e d  o r  s t a r v e d  c o n d i t i o n s ) .  
ments, t he  nex t  genera t i on  o f  e las tohyd rodynamic  l ub r i ca t i on  ana lys i s  shou ld  
i n c o r p o r a t e  s u c h  e f f e c t s  as 
Hamrock  and Dowson ( r e f .  5)  were  able t o  s u c c e s s f u l l y  o b t a i n  a t h e o r e t i -  
To o b t a i n  a b e t t e r  u n d e r s t a n d i n g  o f  t h e  f a i l u r e  mechanism i n  machine ele- 
(1) Sur face   roughness   e f fec ts  
( 2 )  Non-Newtoni an e f f e c t s  
( 3) Temper a t  u r e   e f f e c t s  
The foundat ion s tud ies that  produced the complete e lastohydrodynamic lubr ica-  
t i o n  s o l u t i o n s  f o r  r e c t a n g u l a r  c o n t a c t s  g i v e n  i n  t h e  p r e s e n t  r e p o r t  wil be 
used i n  f u r t h e r  s t u d i e s  i n c o r p o r a t i n g  t h e s e  e f f e c t s .  To i nco rpo ra te   t hese  
e f f e c t s  i n  an i n i t i a l  s t u d y ,  r e c t a n g u l a r  c o n t a c t  a n a l y s i s ,  o f t e n  r e f e r r e d  t o  
as " l i n e "  o r  "one  dimensional"   contact   analysis,   should  be  used  instead  of  
e l l i p t i c a l  c o n t a c t  a n a l y s i s  because o f  t h e  added c o m p l e x i t y  o f  c o n s i d e r i n g  
these  e f fec ts .  
e q u a t i o n s ,  g o i n g  f r o m  t h e  i n l e t  t o  t h e  o u t l e t  w i t h o u t  m a k i n g  any  assumptions 
o the r   t han   neg lec t i ng   s ide   l eakage .   Th i s   ana lys i s  may thus  be  used as t h e  
f o u n d a t i o n  f o r  t h e  more compl icated analys is  incorporat ing sur face roughness 
ef fects,   non-Newtonian  ef fects,  and tempera tu re   e f fec ts .  
parameters on minimum film t h i c k n e s s  was i n v e s t i g a t e d  f o r  a c o n t a c t  f u l l y  
immersed i n   l u b r i c a n t   ( i . e . ,   f u l l y   f l o o d e d ) .  The dimensionless  peed and l o a d  
parameters  were  var ied  over a r a n g e   o f  11 and 2-1/2 t imes ,   respec t i ve l y .  Con- 
d i t i o n s  e q u i v a l e n t  t o  u s i n g  s o l i d  m a t e r i a l s  of  bronze and s t e e l  and l u b r i c a n t s  
of p a r a f f i n i c  and n a p h t h e n i c  m i n e r a l  o i l s  were  considered i n  o b t a i n i n g  t h e  
exponent  on the  d imension less  mater ia ls   parameter .  Ten cases  were  used i n  
o b t a i n i n g  t h e  f u l l y  f l o o d e d  film thickness  fo rmula .  A f u l l y  f l o o d e d  c o n d i t i o n  
i s  s a i d  t o  e x i s t  when t h e  i n l e t  d i s t a n c e  of t h e  c o n t a c t  c e a s e s  t o  i n f l u e n c e  
t h e  minimum film t h i c k n e s s  i n  any s i g n i f i c a n t  way. The i n l e t  d i s t a n c e  o f  t h e  
contac t  i s  d e f i n e d  as t h e  d i s t a n c e  f r o m  t h e  c e n t e r  o f  t h e  c o n t a c t  t o  t h e  edge 
o f  the  comput ing  area.   Bes ides  the film t h i c k n e s s  c a l c u l a t i o n s  t h a t  were 
made, c a l c u l a t i o n  o f  t h e  f o r c e  componen ts ,  shear  fo rces ,  coe f f i c i en t  o f  f r i c -  
The analys is  i n  t h e  p r e s e n t  r e p o r t  c o u p l e s  t h e  e l a s t i c i t y  and Reynolds 
I n  t h e  r e s u l t s  t h e  i n f l u e n c e  o f  d i m e n s i o n l e s s  speed, load, and m a t e r i a l s  
2 
t i o n ,  and c e n t e r  o f  p r e s s u r e  were also  performed. A s imple  formula i s  pro- 
v i d e d  t h a t  d e s c r i b e d  t h e  l o c a t i o n  o f  t h e  c e n t e r  of p r e s s u r e  r e l a t i v e  t o  t h e  
i n l e t  o f  t h e  c o n t a c t  and  as a f u n c t i o n  o f  t h e  d i m e n s i o n l e s s  l o a d  and speed 
pa ramete rs   f o r   s tee l   su r faces .  
and  minimum film t h i c k n e s s .   P l o t s   a r e   a l s o  shown o f  t h e  p a r a l l e l  shape  of t h e  
reduced  p ressu re ,  t he  Po iseu i l l e  t e rm,  and t h e  mass f l o w  p e r  u n i t  l e n g t h  w i t h -  
i n  t h e  c o n t a c t .  








E '  
HO 
h 
c o n s t a n t  d e f i n e d  i n  eq. ( 2 7 )  
b /  b 
s e m i w i d t h  o f  H e r t z i a n  c o n t a c t ,  2Rd%, m 
- 
b/n, m 
c o n s t a n t  d e f i n e d  i n  eq. (28) 
cons tan ts  
de f i ned   by  eq. (19)  
modulus  of e l a s t i c i t y ,  N/m2 
e f f e c t i v e  e l a s t i c  modulus, 
24 [ (1  - us) /Ea] + [ (  1 - vg)/Eb]), N/m2 
d imension less shear  force 
s h e a r  f o r c e  p e r  u n i t  l e n g t h ,  N / m  
d imension less mater ia ls  parameter ,  aE' 
d imension less f i l m  th ickness,  h/R 
d imensionless minimum film thickness, hmin/R 
dimensionless minimum film th ickness  ob ta ined  f rom 
least -squares f i t  o f  d a t a  
d imens ion less  minimum film thickness  ob ta ined  f rom Dowson 
( r e f .  7 )  
d imens ion less  minimum film th ickness  ob ta ined  f rom Dowson 
and H i g g i n s o n  ( r e f .  3) .  
d i m e n s i o n l e s s  c o n s t a n t  d e f i n e d  i n  eq. ( 2 3 )  
film thickness ,  m 
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m i n i m u m  film thickness, m 
dimensionless mass flow per u n i t  length 
mass flow per u n i t  length, k g / (  s m)  
constant  defined  in eq. (29)  
constant  defined  in eq. (30)  
number of nodes in semi-axis of contact 
dimensionless pressure, p/E I 
pressure, N/m2 
dimensionless reduced pressure, q / E '  
reduced pressure, N l m 2  
effective radius i n  x-direction, m 
curvature radius, m 
geometrical  separation, m 
defined i n  eq. ( 6 7 )  
dimensionless 
dimensionless 
load, N / m  
dimensionless 
speed parameter, nou/E 
t y  in direction of mot 
J-OO/Hmi n 
' R  
ion,  (Ua + ut,) /2, m / s  
n -  1100 /Rmi 
load parameter, w,/E'R 
coordinate, x / b  
location of dimensionless center of pressure, x c p / b  
coordinate i n  direction of motion, m 
location of center of pressure, m 
coordinate i n  direction of f i l m  thickness, m 
pressure-vi scosity coefficient of lubricant, m z / N  
angle  defined i n  eq. (43)  
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c o e f f i c i e n t  of de te rm ina t ion  
a b s o l u t e  v i s c o s i t y  a t  gage pressure,  ( N  s )  /m2 
d imens ion less  v i scos i t y ,  n / n o  
v i scos i t y  a t  a tmospher i c  p ressu re ,  ( N  s)/m2 
c o e f f i c i e n t  o f  f r i c t i o n  
Poisson'  s r a t i o  
l u b r i c a n t   d e n s i t y ,  kg/m3 
d imensionless  densi ty ,  P / P O  
dens i t y  a t  a tmospher i c  p ressu re ,  kg/m3 
QH3/2 
s o l i d  a 
s o l i d  b 
c o o r d i n a t e  i n  d i r e c t i o n  o f  m o t i o n  
c o o r d i n a t e  i n  d i r e c t i o n  o f  film th ickness  
THEORY 
Reynolds  Equation 
The general  approach to  the  numer i ca l  so lu t i on  o f  t he  one-d imens iona l  
r e c t a n g u l a r  o r  l i n e - c o n t a c t  p r o b l e m  c o v e r e d  i n  t h i s  r e p o r t  i s  s i m i l a r  t o  t h e  
method  used  by Hamrock  and Dowson ( r e f .  5 )  i n  s o l v i n g  t h e  t w o - d i m e n s i o n a l  
e l l i p t i c a l   c o n t a c t   p r o b l e m   i n   e l a s t o h y d r o d y n a m i c   l u b r i c a t i o n .  The Reynolds 
equa t ion  fo r  one -d imens iona l  f l ow  where  s ide  l eakage  i s  neg lec ted  can  be 
w r i t t e n  as 
where u = (Ua + Ub) /2 i s  t h e  mean sur face   ve loc  
v e l o c i t y   i n   t h e   x - d i r e c t i o n .  
L e t t i n g  
i t y  o r  t h e  e n t r a i n i n g  
X = x lb ,  p = PIP 11 = o / n u ,  H = h/R, and P = p/E - 0' I 
P 
where 
1 1  1 
T T = F - + -  a r b  
2 E '  = n n 
1 - u L  l - v b  L 
a 
equation (1) can be rewritten i n  dimensionless form as 
gg g) = 24U G- 2W d (;H) 
n dx 
where 
i s  the dimensionless speed parameter, 
wz w = -  E ' R  
i s  the  dimensionless load parameter, and wz i s  t he  load per u n i t  w i d t h .  
I t  i s  assumed t h a t  convex surfaces, as shown in figure 1, exhibit positive 
curvature and concave surfaces,  negative  curvature.  Therefore, i f  the  center 
of  the curvature lies within the solid, the radius of curvature is  posi t ive;  
i f  the center of curvature lies outside the solid, the radius of curvature i s  
negative. 
Figure 1 shows the radius of the rol lers  used in defining equation ( 3 ) .  
(a) Two undeformed  rollers. 
(b) Equivalent  cylindrical  solid  near plane. 
Figure 1. - Rollers and equivalent roller. 
The viscosity of a f lu id  may be associated w i t h  the resistance to flow, 
with the resistance arising from intermolecular forces and internal  f r ic t ion 
as the molecules move past each other. Because of the large pressure varia- 
tion in the lubricant films the viscosity of the lubricant i s  not constant in 
elastohydrodynamical ly  lubricated  contacts. Barus ( r e f .  8) proposed the 
following formula for the isothermal viscosity-pressure dependence of liquids: 
I n  dimensionless form this equation can be written as 
- GP n = ' I =  e 
n0 
where 
G = aE' 
i s  the dimensionless materials parameter. 
Substituting equation ( 9 )  into equation ( 5 )  gives 
b(yH3e-GP dx g) = 24U c x  2W d 
G r u b i n  and  Vinogradova ( r e f .  2 )  were t h e  f i r s t  t o  introduce the writing of the 
pressure and viscosity i n  terms of a reduced pressure as 
a n d  
Note t h a t ,  as P 9 m, Q 3 1 / G .  Substituting  equation  (13) i n t o  equation (11) 
gives 
Density 
For  a comparable change in pressure the density change i s  small as com- 
pared with the viscosity change. However, very high pressures exist i n  
elastohydrodynamic films, and the liquid can no longer be considered as an 
incompressible medium. From Dowson and Higginson ( r e f .  9) the  dimensionless 
densi ty  for  mineral oi 1 can be written a s  
- p = - =  P 0.6 E ' P  
+ 1 + 1.7 E ' P  
where E '  i s  given in  gigapascals. 
7 
Film Shape 
The film  shape can be  written  simply  as 
h(x) = ho + S(X) + 6(~) 
where 
ho constant 
S(x) separation due to geometry of undeformed  solids 
6( x) e 1 ast  ic deformation 
The separation due to the geometry of the  two undeformed  rollers  shown in 
figure l(a) can be described by an  equivalent  cylindrical  solid  near  a  plane, 
as  shown in figure l(b). The geometrical  requirement  is  that  the  separation 
o f  the two rollers in the initial  and  equivalent situations should  be the  same 
at  equal  values of x. Therefore  using  the  parabolic  approximation  we  can 
write  the  separation due to the undeformed  geometry  of the two  rollers  as 
Figure 2 'shows a  rectangular area  of  uniform pressure  width 26. From 
Timoshenko and Goodier (ref. 10) the elastic  deformation a t  a  point x on the 
surface  of  a  semi-infinite  solid  subjected to a  pressure p at the point 
x1 can be  written as 
Since the pressure is  assumed to be uniform  over the rectangular  area,  the 
pressure  can be  put in front of the integral. The integration of  equation 
(18)  then  results in the  following: 
6 ( X )  =; PD 2 
where 
Figure 2 - Surface deformation of semi-infinite body subjected 
to  uniform  pressure  over  rectangular  area. 
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D = b[(X - B )  l n ( X  - B)2 - (X + B )  ln(X + 8)' + 4B(1 - I n  b ) ]  
and 
b semiwidth of  Hertzian  contact 
B 6 / b  
6 b/n 
n number of nodes within semiwidth of Hertzian  contact 
Now the term a(x) i n  equation (19) represents the e l a s t i c  deformation a t  a 
point due t o  a rectangular  area of uniform pressure p and w i d t h  26. If  
the contact i s  d i v i d e d  in to  a number of equal rectangular areas, the to t a l  
deformation a t  a point x due t o  the contributions of the various rectangular 
areas of  uniform pressure in the contact can be evaluated numerically. The 
to t a l  e l a s t i c  deformation caused by the rectangular areas of uniform pressure 
within a contact can be written as  
- 
i=1,2, .  . . 
where 
j = l k - i ( + l  
Therefore, s u b s t i t u t i n g  equations (17 )  and (21)  i n t o  equation (16)  while 
writing the film thickness in dimensionless form gives 
i=1,2, .  . . 
P h i  ( 0 )  Solution 
Having defined the density and film thickness, we can re turn  to  the solu- 
t ion  of the Reynolds  equation. The  dimensionless  reduced  pressure Q g i v e n  
i n  equation (14) plotted  as a function of X exhi i t s  a very  localized pres- 
sure f i e l d  w i t h  h i g h  values of  dQ/dX  and d2Q/dX B . Such  a condition 
w i t h  h i g h  gradients i s  n o t  welcomed  when performing numerical analysis by 
relaxation methods. Therefore,  as  discovered by Hamrock  and  Dowson ( re f .  5 ) ,  
t o  produce a much gentler curve, a parameter @ i s  introduced, where 
3 / 2  - H3l2(l - e -GP ) @ = Q H  - G 
The dimensionless  reduced  pressure Q i s  smaller  at  large  values of fi lm 
thickness H and large when the  film  thickness i s  small. The @ substitu- 
t ion also has the advantage t h a t  i t  eliminates all  terms containing deriva- 
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t i v e s   o f   p r o d u c t s   o f  H and Q o r  H and 0. There fore ,   f rom  equat ion  
(24 )  wh i l e  expand ing  te rms  w i th in  equa t ion  (14 ) ,  we ge t  
The f i r s t  s t e p  i s  t h e n  t o  r e p l a c e  e q u a t i o n  ( 2 5 )  b y  a f i n i t e  d i f f e r e n c e  
a p p r o x i m a t i o n .  T h e  r e l a x a t i o n  m e t h o d  r e l i e s  o n  t h e  f a c t  t h a t  a f u n c t i o n  c a n  
b e  r e p r e s e n t e d  w i t h  s u f f i c i e n t  a c c u r a c y  o v e r  a small  range by a quadra t i c  
e x p r e s s i o n .   W i t h   s t a n d a r d   f i n i t e   c e n t r a l - d i f f e r e n c e   r e p r e s e n t a t i o n ,   e q u a t i o n  
(25)  can be  wr i t ten  as  
Ai@i+l + C 0 - Lioi - M .  = 0 i i-1 1 
where 
Li = 4(p + i+l - 1  P i - 1  
F i g u r e  3 shows the   un i fo rm  p lacement  o f  t h e  nodes w i t h i n  t h e  c o n t a c t .  T h i s  
noda l   s t ruc tu re  was used i n  a l l  of t h e   r e s u l t s .  The  number o f  nodes w i t h i n  a 
semicontac t  w id th  was 1 2 0  t h r o u g h o u t  a l l  c a l c u l a t i o n s .  
The fo l low ing  boundary  cond i t ions  have been adopted: 
( 1 )  A t  t h e  i n l e t  and o u t l e t   t h e   p r e s s u r e  was s e t   t o   z e r o .   T h i s   i m p l i e s  
t h a t  Q and 0 are   a lso   zero  a t  t h e s e   p o s i t i o n s .  
L H e r t z i a n   z o n e - 4  
1- 480 Nodes --&180 N c d e s - 1  
660 Uniform nodes 
Figure 3. - Nodal structure  far  numerical  calculations. 
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P START 
Read parameter  values 
and  approximate  pressure 
distr ibution 
$ 
Calculate  oil  film  shape 
and  density  distribution 
using  approximate 
pressure  distr ibution 
+ . 
in Reynolds  equation 
Calculate  coefficients - lWP 
4 
Calculate  pressure 
distr ibution by 
iteration. Loop 1 
f 
Calculate  new  film  shape  and 
density  distr ibution  and 
calculate load by  using new 
pressure  distr ibution 
.1 
No distr ibution  almost - Is new  pressure 
equal to old? 
+ Yes 
Is applied load Calculate power loss, 
equal to load Yes e force  components, 
from  pressure 
of f r ic t ion d is t r ibut ion? 
and  coefficient 
No 
Move  surfaces  closer to 
each other  i f   pressure 
distribution  gives too ILW 
calculate  new  fi lm  thick- 
ness  distr ibution 
LWP 3 load andvice  versa 
Figure 4. - Flow char t  of computational  procedures  used in 
elastohydrodynamic  lubrication  studies. 
( 2 )  A t  the  cavitation boundary  
P = a = o  dP 
Eauation ( 2 6 )  represents a system oIf simultaneous equations t h a t  was solved by 
the  standard Gauss-Seidel i t e r a t ive  method. A flow c h a r t  shown in figure 4 
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descr ibes the computat ional  procedures used in  the  e las tohyd rodynamic  l ub r i ca -  
t i o n  s t u d i e s .  
Mass F low Rate  Per  Unit Length  
The mass f l o w  r a t e  p e r  u n i t  l e n g t h  f o r  e l a s t o h y d r o d y n a m i c a l l y  l u b r i c a t e d  
contac ts  can be w r i t t e n  as 
Making  use o f  e q u a t i o n  ( 2 )  wh i l e  rea r rang ing  te rms  g i ves  
Making  use o f  e q u a t i o n  ( 1 3 )  a l l o w s  t h i s  e q u a t i o n  t o  be r e w r i t t e n  as 
The second term on t h e  r i g h t  s i d e  o f  e q u a t i o n  ( 3 4 )  i s  t h e  P o i s e u i l l e  o r  p r e s -  
sure   te rm.   Wr i t ing   the   reduced  p ressure   g rad ien t   in   equat ion  ( 3 4 )  i n  a cen- 
t r a l  d i f f e r e n c e  f o r m  and rea r rang ing  the  te rms ,  we ge t  
Th is  express ion  enab les  the  reduced pressure  to  be w r i t t e n  i n  terms of  f low,  
film shape,  and d e n s i t y  a t  t h e  p r e c e d i n g  l o c a t i o n .  
Force  Components 
F i g u r e  5 shows t h e  f o r c e  components a c t i n g  on t h e  t w o  s o l i d s  a l o n g  wi th  
t h e  film geometry i n  a p o r t i o n  o f  a concent ra ted  contac t .  Convent iona l l y  on ly  
--IdxL - .U 
Figure 5. - Force components. 
t h e  z-components o f   t h e  no rma l   f o rces   ac t i ng  on t h e   s o l i d s  (Waz and Wbz) 
are  considered. However, it was f e l t  t h a t  t h e  t a n g e n t i a l  x-components  (wax 
and Wbx), s h e a r   f o r c e s   ( f a  and f b ) ,   c o e f f i c i e n t   o f   r i c t i o n  U, and 
center   o f   p ressure   xc   shou ld   a lso   be   expressed and q u a n t i t a t i v e   v a l u e s  
ob ta ined fo r  each o f  tRese express ions .  The  normal  z-component o f  t h e  f o r c e  
p e r  u n i t  l e n g t h  a c t i n g  o n  t h e  s o l i d s  c a n  be w r i t t e n  as 
Wz = Waz = Wbz = fp dx (36)  
U s i n g  t h e  d i m e n s i o n a l i z a t i o n  g i v e n  i n  e q u a t i o n  ( 2 )  g i v e s  t h i s  e q u a t i o n  as 
w="- wz /P dX = ( S P  d)O2 
E ' R  - r (37) 
I n   e q u a t i o n   ( 3 7 )  W i s  u s u a l l y  r e f e r r e d  t o  as the   d imens ion less   load  param- 
e t   e r  . 
t i a l  f o r c e  component p e r  u n i t  l e n g t h  f o r  s o l i d  b i s  n o t  z e r o  and can  be 
w r i t t e n  a s  
The t a n g e n t i a l   f o r c e  component Wax f o r   s o l i d  a i s  zero.  The  tangen- 
- Jp dh = - JP x d x  dh 'bx = 
U s i n g  i n t e g r a t i o n  b y  p a r t s  g i v e s  
W bx = - [ph lg + Jh * dx dx (39) 
where i and o r e f e r   t o   i n l e t  and o u t l e t  edge o f   the   comput ing  zone, re- 
spec t i ve l y .  
o u t l e t  i s  z e r o .   U s i n g   t h e   d i m e n s i o n a l i z a t i o n   g i v e n   i n   e q u a t i o n  ( 2 )  g i ves  
However, t h e  p r e s s u r e  a t  t h e  edge o f  t h e  i n l e t  and a t  t h e  edge o f  t h e  
The r e s u l t i n g  f o r c e  components p e r  u n i t  l e n g t h  c a n  be w r i t t e n  as 
w = - -  
a E ' R x  - ax 
Shear Forces 
The shear  fo rce  per  
be w r i t t e n  as 
u n i t  l e n g t h  a c t i n g  o n  s o l i d  a (shown i n  f i g .  5) can 
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From  Hamrock  and Dowson ( r e f .  6, p.  141, ea. 5.30) we c a n  w r i t e  
S u b s t i t u t i n g  t h i s  e q u a t i o n  i n t o  (44)  g i v e s  
a 2 dx h - u b ) l  dx 
Making  use o f  e q u a t i o n  (39)  w h i l e  w r i t i n g  e q u a t i o n  ( 4 6 )  i n  d i m e n s i o n l e s s  t e r m s  
g i v e s  
T h e  s h e a r  f o r c e  p e r  u n i t  l e n g t h  a c t i n g  o n  s o l i d  b can  be w r i t t e n  as 
Making  use o f  e q u a t i o n  ( 4 5 )  g i v e s  e q u a t i o n  ( 4 8 )  as 
N o t e  t h a t  f o r  e q u i l i b r i u m  t o  be s a t i s f i e d  t h e  f o l l o w i n g  must  be t r u e :  
F - F b  + W b x  = 0 a 
waz - WbZ = 0 
The c o e f f i c i e n t  o f  f r i c t i o n  i s  w r i t t e n  as 
Fa  -Fb + 'bx 
w -  W l J = - - -  
C e n t e r  o f  P r e s s u r e  
A c a l c u l a t i o n  v e r y  u s e f u l  i n  t r a c t i o n  s t u d i e s  i s  t h e  l o c a t i o n  of t h e  
c e n t e r   o f   p r e s s u r e .  The a p p r o p r i a t e   e q u a t i o n   i s  
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x CP = - j p x  w z  1 dx ( 5 3 )  
W r i t i n g  t h i s  i n  d i m e n s i o n l e s s  f o r m  g i v e s  
X 
"- x~~ - c p  b - &JPX 7 l W  dX 
T h e  l o c a t i o n  o f  t h e  c e n t e r  o f  p r e s s u r e  i n d i c a t e s  t h e  p o s i t i o n  on which the 
r e s u l t i n g  f o r c e  i s  a c t i n g .  The f a c t  t h a t  t h e  r e s u l t i n g  f o r c e  i s  n o t  a c t i n g  
t h r o u g h  t h e  c e n t e r  o f  t h e  r o l l e r  c r e a t e s  a r o l  l i n g  r e s i s t a n c e  i n  t h e  f o r m  o f  a 
moment. Th is   has  a s i g n i f i c a n t  e f f e c t  i n  t h e  e v a l u a t i o n  o f  t h e  r e s u l t i n g  
fo rces  and p o w e r  l o s s  i n  t r a c t i o n  d e v i c e s  and other machine elements. 
RESULTS 
Dimensionless Grouping 
F rom the  va r iab les  o f  t he  numer i ca l  ana lys i s  the  fo l l ow ing  d imens ion less  
groups can be de f i ned :  
Dimensionless film th ickness :  
h H = -  R 
Dimensionless load parameter:  
W 
Z w = -  E ' R  
where wz i s   t h e   l o a d   p e r   u n i t   l e n g t h .  
Dimensionless speed parameter: 
u = -  E ' R  
Dimensionless mater ia ls  parameter :  
G = aE' 
The d imensionless film t h i c k n e s s  f o r  a r e c t a n g u l a r  c o n t a c t  c a n  
w r i t t e n  a s  a f u n c t i o n  o f  t h e  o t h e r  t h r e e  p a r a m e t e r s :  
( 5 5 )  
( 5 7 )  
(58)  
t hus  be  
H = f ( W ,  U, G) ( 5 9 )  
The  mos t  impor tan t  p rac t i ca l  aspec t  o f  e las tohyd rodynamic  l ub r i ca t i on  theo ry  
i s  t h e  d e t e r m i n a t i o n  o f  t h e  minimum film t h i c k n e s s  w i t h i n  t h e  c o n t a c t .  T h e r e -  
15 
-.2 . 4 t 
3 . 0 ~ 1 ~ 5  
2.0 
Poiseuille term 
Hertzian  con- 
tact r w i o n  
~Lk. L-LI 
320 480 640 
Nodes, X-axis 
(a)  Dimensionless  pressure  and  film  thickness. 
(b) Dimensionless reduced pressure and a. 
(c) Dimensionless flow and Poiseuille term. 
Figure 6. - Representative variations of dimensionless 
pressure, film thickness, and reduced pressure, a, 
dimensionless  flwr.  and the Poiseuille  term elf-axis 
for dimensionless speed parameter U of 1x10- 
dimensionless load parameter W of 1.638~10-~, and 
dimensionless materials parameter G of 5ooo. 
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I 
fore,  in the fully flooded resu l t s  t o  be presented, the dimensionless param- 
eters  ( W ,  U, and G )  will be varied and the effect on the minimum film 
thickness will be studied. 
reduced pressure, 0, dimensionless flow, and the Poiseui l l e  term on the 
X-axis are shown in  figure 6. Figure 6 ( a )  shows the  variation f dimension- 
less pressure and film thickness on the X-axis f o r  U = 1 . 0 ~ 1 0 - ~ ~ ,  W = 
1.638~10-5, and G = 5000. The in le t  region i s  t o  the  le f t  and the outlet  
i s  t o  the r i g h t  in  th i s  and  each of the remaining figures t o  be presented. 
The Hertzian  pressure i s  a l so  shown i n  th is  f igure.  The character is t ic  pres- 
sure spike is  clearly evident i n  th is  f igure as  is  the paral le l  f i lm shape 
through the central part of the contact, with a minimum film occurring near 
the outlet of the contact. 
f o r  U = 1 . 0 ~ 1 0 - ~ ~ ,  W = 1.638~10-~,  and G = 5000 i s  shown i n  f igure 
6 ( b ) .  Recall t h a t  the reduced pressure i s  defined  in  equation ( 1 2 )  and o in 
equation ( 2 4 ) .  Figure 6( b )  shows t h a t  the reduced pressure Q i s  constant 
within  the  contact and t h a t  0 i s  constant i n  p a r t  of the contact outlet .  
term on the X-axis f o r  U = 1 . 0 ~ 1 0 - ~ ~ ,  W = 1.638~10- s , and G = 5000. 
Equation (34)  defines the mass flow r a t e  per unit length, and the Poiseuille 
term i s  the reduced pressure  gradient term of equation (34).  In  f igure 6(c)  
the flow i s  constant throughout the contact. Great care was taken t o  assure 
t h a t  t h i s  'was t rue f o r  a l l  the  resul ts  t o  be presented.  Slight  adjustments i n  
the pressure profile were necessary in the inlet region t o  assure t h a t  the 
flow was constant i n  t h a t  region. The Poiseuille term approaches 1 a t  the 
inlet  a n d  zero i n  the Hertzian contact region except f o r  h a v i n q  negative 
values from the pressure spike t o  the outlet. 
Representative variations of dimensionless pressure, film thickness, 
Variation o dimensionless r duced pressure Q and 0 on the X-axis 
Figure 6(c) shows the variation of dimensionles  flow and the Poiseuille 
Influence on Load 
Chanqes i n  the  dimensionless load parameter W can be achieved  while 
keeping the other parameters constant by changing only the normal applied load 
per u n i t  lenqth wz i n  equation ( 5 6 ) .  The values a t  w h i c h  the remaining 
parameters U and G were held constant d u r i n q  the  calculations were 
u = l . O x l O - ~ ~  
G = 5000 
F o u r  values of the  dimensionless load parameter W and the corresponding 
values of m i n i m u m  film  thickness H m i n  obtained from the elastohydrodynamic 
lubrication the0r.y  developed ear l ie r  a re  shown i n  table I .  These f o u r  pairs 
of d a t a  were  used t o  determine a n  empirical relationship between the dimen- 
sionless load and the minimum film thickness. 
- c 2  
H m i n  = CIW 
By applying a least-squares power f i t  t o  the f o u r  pairs of d a t a  [(Wi, 
Hmin,i), i = 1 ,..., 41, the values of and  C2 were found t o  be 
C 1  = 6.33~10-6 and C2 = -0.1056 = 1. Therefore  the  influence of 
load on minimum film thickness can be written as 
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- oE w-o.ll 
H m i  n 
I n  a d d i t i o n  t o  t h e  l e a s t - s q u a r e s  fit, a c o e f f i c i e n t  o f  d e t e r m i n a t i o n  E 
was obta ined.   The  va lue   o f  E r e f l e c t s   t h e  f i t  o f   t h e   d a t a   t o   t h e   r e s u l t i n g  
e q u a t i o n :  u n i t y  r e p r e s e n t i n g  a p e r f e c t  f it, and z e r o  t h e  w o r s t  p o s s i b l e  f i t. 
The c o e f f i c i e n t   o f   d e t e r m i n a t i o n  E f o r   t h e s e   r e s u l t s  was 0.9856, which i s  
e x c e l   l e n t .  
on   the   X-ax is   fo r   two  va lues   o f   d imens ion less   load  W ( 1 . 6 3 8 ~ 1 0 - ~  and 
3 . 0 ~ 1 0 - ~ ) .  The  va lues  o f  t he  d imens ion less  speed  and ma te r i  a l s  pa ramete rs  
were h e l d  f i x e d  as desc r ibed   by   equa t ion   (60 ) .   F igu re  7 shows t h a t  a l t h o u g h  
t h e  p r e s s u r e  d i s t r i b u t i o n  c h a n g e s  c o n s i d e r a b l y ,  t h e  minimum film th ickness  
i s  o n l y  s l i g h t l y  a f f e c t e d .  T h i s  i l l u s t r a t e s  t h e  s l i g h t  e f f e c t  o f  t h e  dimen- 
s ion less   load   parameter  W on  minimum film thicknesses,   as  descr ibed i n  
equat ion   (62) .  
F i g u r e  7 shows t h e  v a r i a t i o n  o f  d i m e n s i o n l e s s  p r e s s u r e  and film th ickness  
I n f l u e n c e  o f  Speed 
If t h e  s u r f a c e  v e l o c i t y  i n  t h e  x - d i r e c t i o n  i s  changed, the  d imens ion less  
speed parameter U i s  mod i f ied  as  hown i n  equat ion  ( 5 7 ) ,  b u t   t h e   o t h e r  dimen- 
s ion less  parameters (W and G) remain  constant.  The va lues   a t   wh ich   t hese   d i -  
mensionless parameters were held constant i n  t h e  c a l c u l a t i o n s  p e r f o r m e d  t o  
de te rm ine  the  i n f l uence  o f  speed on f i lrn th ickness were 
W = 2 . 0 4 8 ~ 1 0 ~ 5  3 (63)  G = 5000 
Va lues   o f   t he   d imens ion less  speed parameter U and the   co r respond ing  
minimum film t h i c k n e s s  Hmin  as ob ta ined   f rom  the   e las tohyd rodynamic   l ub r i -  
c a t i o n  o f  r e c t a n g u l a r  c o n t a c t s  d e v e l o p e d  e a r l i e r  i n  t h e  r e p o r t  a r e  p r e s e n t e d  i n  
5x10-3 
1.ox10-4 r 









Figure 7. - Variation of dimensionless  pressure  and film 
thickness on X-axis for two values of dimensionless 
load. 
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t a b l e  11. C a l c u l a t i o n s  were p e r f o r m e d   f o r   f i v e   v a l u e s  of d imension less speed 
parameter   cover ing   near ly  an o rde r  o f  magn i tude .  The so lu t i ons  enab led  the  
re la t i onsh ip  be tween  minimum film th ickness  and t h e  speed parameter t o  be 
w r i t t e n  i n  t h e  f o r m  
- 
Hmin = C3U 
By app ly inq  a least-squares power f i t  t o  t h e  f i v e  p a i r s  .of da ta  [ (U i ,  
Hmin, i ) ,  i = 1, . . ., 51, t h e   v a l u e s   o f  C3 and C4 were  found t o  be 
C 3  = 1179.2  and C4 = 0.70640 = 0.71.  The c o e f f i c i e n t   o f   d e t e r m i n a t i o n  
E f o r   t h e s e   r e s u l t s  was e x c e l l e n t   a t  0.9992. T h e r e f o r e   t h e   i n f l u e n c e   o f  
speed  on  minimum film th ickness  can  be  wr i t t en  as 
F i g u r e  8 shows t h e  v a r i a t i o n  o f  d i m e n s i o n l e s s  p r e s s u r e  and film th ickness  
on the   X-ax is   fo r   two  va lues   o f   d imens ion less  speed U ( 0 . 5 ~ 1 0 - l ~  and 
3 . 0 ~ 1 0 - ~ ~ ) .  The v a l u e s   o f   t h e   d i m e n s i o n l e s s   l o a d  and mater ia ls   parameters  
were h e l d  f i x e d  as  descr ibed  by   equat ion   (63) .   Th is   f igure  shows t h a t  t h e  
p r e s s u r e  a t  any l o c a t i o n  i n  t h e  i n l e t  r e g i o n  r i s e s  i n  g o i n g  f r o m  t h e  l o w e r  
speed t o  t h e  h i g h e r  speed. T h i s  r e s u l t  i s  c o n s i s t e n t  w i t h  t h e  e l a s t o h y d r e  
dynamic l u b r i c a t i o n  t h e o r y  o f  e l l i p t i c a l  c o n t a c t  g i v e n  by Hamrock and  Dowson 
( r e f .   5 ) .   N o t e   t h a t   t h e   p r e s s u r e   s p i k e  moves m o r e   t o w a r d   t h e   o u t l e t   f o r   t h e  
l ower  speed t h a n  f o r  t h e  h i g h e r  speed. A typ ica l   e las tohydrodynamic  film 
shape w i t h  an e s s e n t i a l l y  p a r a l l e l  s e c t i o n  i n  t h e  c e n t r a l  r e g i o n  i s  a l s o  shown 
i n  f i g u r e  8. There i s  a considerable  change i n  film t h i c k n e s s  as t h e  dimen- 
s ion less  speed i s  changed,  as i n d i c a t e d   b y   e q u a t i o n   ( 6 5 ) .   T h i s   i l l u s t r a t e s  
most c l e a r l y   t h e   d o m i n a n t   e f f e c t   o f   t h e   d i m e n s i o n l e s s  speed parameter U on 
t h e  minimum film t h i c k n e s s  i n  e l a s t o h y d r o d y n a m i c a l  l y  l u b r i c a t e d  c o n t a c t s .  
1.0~10-4 4x10-3 r r 








Figure 8. - Variation of dimensionless  pressure  and  film 
thickness  on  X-axis  for two values of dimensionless 
speed. 
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I n f l u e n c e   o f   M a t e r i  a1 P r o p e r t i e s  
A s t u d y   o f   t h e   i n f l u e n c e   o f   t h e   d i m e n s i o n l e s s   m a t e r i a l s   p a r a m e t e r  G on 
minimum film th ickness  has t o  be  approached w i t h  c a u t i o n  s i n c e  i n  p r a c t i c e  i t  
i s  n o t  p o s s i b l e  t o  c h a n g e  t h e  p h y s i c a l  p r o p e r t i e s  o f  t h e  m a t e r i a l s ,  and  hence 
t h e   v a l u e  o f  G, w i t h o u t   i n f l u e n c i n g   t h e   o t h e r   d i m e n s i o n l e s s   p a r a m e t e r s  con- 
s i d e r e d   e a r l i e r .   E q u a t i o n s  ( 5 6 )  t o  (58)  show t h a t  as e i t h e r  t h e  m a t e r i a l s  o f  
t h e   s o l i d s   ( a s   e x p r e s s e d   i n   E ' )   o r   t h e   l u b r i c a n t   ( a s   e x p r e s s e d   i n  n o  and 
a )  are   va r ied ,   no t   on l y  does t h e   m a t e r i a l s   p a r a m e t e r  G change, bu t  so do t h e  
dimensionless  speed U and load  W parameters. 
The r e s u l t s  o b t a i n e d  f r o m  c a l c u l a t i o n s  p e r f o r m e d  f o r  t h r e e  v a l u e s  o f  t h e  
d imens ion less   ma te r ia l s   pa ramete r   a re  summarized i n  t a b l e  111, A general  form 
of these resu l ts ,  showing how t h e  minimum film t h i c k n e s s  i s  a f u n c t i o n  o f  t h e  
d imens ion less  mater i  a1 s parameter, i s w r i t t e n  as 
n 
L6 T = C5G 
where 
Hmi  n T =  
U 0. 7lW-0. 11 
I n  e q u a t i o n  ( 6 7 )  the  exponents  have  been  rounded o f f  t o  t w o  s i g n i f i c a n t  
f i g u r e s  so t h a t  any e r ro r   wou ld  be  absorbed i n  C5, g i v e n  i n  e q u a t i o n  ( 6 6 ) .  
By app ly ing  a least-squares power f i t  t o  t h e  t h r e e  p a i r s  of da ta ,  the  va lues  
Of  c5 and c6  were  found t o  be C5 = 3.12 and c 6  = 0.5670 = 0.57. 
T h e  c o e f f i c i e n t  o f  d e t e r m i n a t i o n  f o r  t h e s e  r e s u l t s  was 0.9969, which i s  excel- 
l e n t .  T h e r e f o r e  t h e  e f f e c t  o f  t h e  d i m e n s i o n l e s s  m a t e r i a l s  p a r a m e t e r  o n  minimum 
film thickness  can be  wr i t ten  w i th  adequate  accuracy  as 
0.57 Rmin a G 
Minimum-Fi 1mThickness Formula 
T h e  p r o p o r t i o n a l i t y  e q u a t i o n s  ( 6 2 ) ,   ( 6 5 ) ,  and ( 6 8 )  have  estab l ished how 
t h e  minimum film th ickness  va r ies  w i th  the  l oad ,  speed, and m a t e r i a l s  param- 
e te rs ,   respec t i ve l y .   Th i s   enab les  a composi te  d imensionless  minimum-f i lmthick- 
ness  formula f o r  a f u l l y  f l o o d e d ,  i s o t h e r m a l  e l a s t o h y d r o d y n a m i c  r e c t a n g u l a r  
c o n t a c t  t o  b e  w r i t t e n  as 
I qmin = 3.07 U I 0.71G0.57w-0.11 
I n   e q u a t i o n  (69)  t h e   c o n s t a n t  3.07 i s  d i f f e r e n t  f r o m  C5 = 3.12 mentioned 
e a r l i e r  t o  a c c o u n t  f o r  t h e  r o u n d i n g  o f f  o f  t h e  m a t e r i a l s - p a r a m e t e r  e x p o n e n t .  
I n  d i m e n s i o n a l  t e r m s  t h i s  e q u a t i o n  i s  w r i t t e n  as 
0.57R0.4  0.71 - a ( Uno 1 
hmin = 3.07  (,-,)0.03w0.11 
2 
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From t h i s  e q u a t i o n  we f i n d  t h a t  t h e  minimum film th ickness  depends i n v e r s e l y  
on t h e   e f f e c t i v e   e l a s t i c   m o d u l u s  E '  and l o a d   p e r   u n i t   l e n g t h  wz. Both 
have  smal l   exponents ,   ind ica t ing   tha t   he  minimum film thickness  hmin i s  
o n l y  s l i g h t l y  a f f e c t e d  b y  t h e  e f f e c t i v e  e l a s t i c  m o d u l u s  and l o a d  p e r  u n i t  
l e n g t h .  I n  c o n t r a s t  t o  t h e s e  e f f e c t s  f r o m  e q u a t i o n  ( 7 0 )  we f i n d  t h a t  t h e  film 
th ickness  depends d i r e c t l y  on t h e  p r e s s u r e - v i s c o s i t y  c o e f f i c i e n t  o f  t h e  l u b r i -  
can t  a, the  geometry  R, t h e   s u r f a c e   v e l o c i t y   i n   t h e   d i r e c t i o n   o f   m o t i o n  u, 
and t h e   v i s c o s i t y   a t   a t m o s p h e r i c   p r e s s u r e  T-IQ. From t h e   v a l u e s   o f   t h e  expo- 
nents  on  these  parameters (a, R, u, and n o )  It i s  c l e a r  t h a t  t h e y  have a 
d o m i n a t i n g  e f f e c t  on t h e  minimum film thickness .  
f i lm- th ickness formulas.  Dowson  and H i g g i n s o n  ( r e f .  9 )  o b t a i n e d  t h e  f o l i o w i n g  
express ion:  
It i s  i n t e r e s t i n g  t o  compare e q u a t i o n  ( 6 9 )  w i t h  e a r l i e r  d e r i v e d  minimum- 
( H  . ) = 1.6 u 0.760.6w-0.13 
'ln DH 
It was f o u n d  t h a t  t h i s  e q u a t i o n  p r o d u c e d  a p o s i t i v e  e x p o n e n t  o n  t h e  e f f e c t i v e  
e l a s t i c  modulus,  which i s  c o n t r a r y  t o  p h y s i c a l  i n t u i t i o n .  T h i s  e q u a t i o n  was 
t h e r e f  o r e  r e v i s e d  b y  Dowson ( r e f .  7 )  as 
(H . ) = 2.65 U 0.7G0.54w-0.13 mi n D 
The  powers o f  U, G ,  and W i n  equat ions  (69)  and ( 7 2 )   a r e   q u i t e   s i m i l a r  con- 
s i d e r i n g  t h e  d i f f e r e n t  n u m e r i c a l  p r o c e d u r e s  on  which  they  are  based. 
The  Hamrock  and Dowson ( r e f .  1 1 )  e l l i p i c a l  c o n t a c t  m i n i m u m - f i l m t h i c k n e s s  
f o r m u l a  f o r  v e r y  l o n g  e l l i p t i c a l  c o n t a c t s ,  where t h e  e l l i p t i c i t y  parameter i s  
l a r g e  and t h e  e l l i p t i c a l  c o n t a c t  approaches a r e c t a n g u l a r  c o n t a c t ,  i s  
expressed as 
(H . ) = 3.63 u 0.68G0.49w-0.073 
'ln HD 
(73)  
It i s  i n t e r e s t i n g  t o  compare equat ion   (73)   w i th   equat ion   (69) .   The  powers   o f  
U, G, and W are  aqain  seen t o  be q u i t e   s i m i l a r .  
Tab le  IV g i v e s   t h e  10 cases  used i n  o b t a i n i n g  e q u a t i o n  ( 6 9 ) .  I n  t h i s  
t a b l e  Hmin  corresponds t o  t h e  minimum film th ickness   ob ta ined   f rom  the  
e l a s t o h y d r o d y n a m i c  l u b r i c a t i o n  r e c t a n g u l a r  c o n t a c t  t h e o r y  d e v e l o p e d  e a r l i e r  i n  
t h i s  r e p o r t  and Hmin i s  t h e  minimum film th ickness   ob ta ined   f rom  equa t ion  
(69) .   The  percentage  d i f ference  between  these  two  va lues i s  expressed  by 
VI, which i s  d e f i n e d  as 
I n   t a b l e  IV t h e   v a l u e s   o f  V 1  a re  
l e s s  minimum film thickness  ob ta ined by  
e q u a t i o n  ( 7 2 )  i s  a l s o  shown i n  t a b l e  IV 
w i t h i n  *2 Dercent.  The  dimension- 
Dowson ( r e f .  7 )  and expressed i n  
as (Hmin) . The percentage 
D 
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difference between this  f i lm  thickness and t h a t  of Hmin i s  expressed by 
V2, where 
I n  table  IV the  values of V 2  are  within +4 t o  +8 percent, meaning t h a t  the 
Dowson ( r e f .  7 )  formula produces 4 t o  8 percent larger film thickness t h a n  
t h a t  obtained from the present analysis. 
Figure 9 compares the pressure profile as obtained from owson and 
Hiaginson ( r e f .  9 )  with the present results f o r  U = 1 . 0 ~ 1 0 - ~ ~ ,  W = 3.0~10- 5 , 
and G = 5000. The Hertzian  pressure i s   a l so  shown in this   f igure.  The 
Dowson and Higginson ( r e f .  9 )  profile is  exactly equivalent t o  the Hertzian 
pressure f o r  most  of the contact region, b u t  the present results are somewhat 
lower t h a n  the  Hertzian  pressure. The pressure spike is higher in magnitude 
i n  the present results and located farther away from the exit  of the contact 
than in the results obtained by Dowson a n d  Higginson ( r e f .  9 ) .  
Table V shows the values of the load components, the coefficient of f r ic -  
t i o n ,  and the location of the center of pressure for the 10 cases presented in 
table IV. The values of the  dimensionless  load,  speed, and materials param- 
e te rs  corresponding t o  a particular case can be obtained from table  IV. Table 
V shows t h a t  the tangential force components are three orders of magnitude 
less t h a n  the normal force components. Also the coefficient of f r ic t ion  
decreases  with  increasing load and increases with increasing speed.  Table V 
gives values of the location of the center of pressure for the 10 cases 
evaluated. I n  a l l  the  cases  the  center of pressure  is  in f r o n t  of the  center 
of the  Hertzian  contact. A n  approximate  formula for the location of the 
center of pressure i s  a function of the dimensionless load and speed and i s  
given  as 
X-axis 
Figure 9. - Comparison of pressure  profile of present  results  with  that 
of Dowson and Higginson (ref. 9). 
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X = -0.05 U 0.44+ 13 
CP 
where Xcp i s  measured from the  center of the  Hertzian  contact. T h i s  
formula was obtained by using the d a t a  i n  table V and is  valid only for  s teel  
surfaces. The value  obtained from the approximate  expression of the location 
of the center of pressure (eq. ( 7 6 ) )  i s  shown in the 1 ast  column of table  V. 
The maximum error i n  calculating the location of the center from equation ( 7 6 )  
as compared with the exact solution is 0.89 percent o f  the Hertzian half 
width, which is excellent. Using equation (76)  f o r  bronze surfaces  gives an 
error of up  t o  3.54 percent of the Hertzian half width. This larger error i s  
due t o  having only two cases o f  bronze material in the formulation of the 
expression. 
C O N C L U D I N G  REMARKS 
A procedure for the numerical solution of the complete isothermal elasto- 
hydrodynamic lubrication problem f o r  rectangular contacts has been outlined. 
This procedure ca l l s  f o r  the simultaneous solution of the  e las t ic i ty  and 
Reynolds equations. I n  the elasticity analysis the conjunction was divided 
i n t o  equal rectangular  areas. I t  was  assumed t h a t  a uniform pressure was 
applied over each e le  . I n  the numerical analysis of the Reynolds equation 
the parameter 0 = Q H  yyyt was introduced i n  order t o  help the relaxation 
process. The analysis coupled the  e las t ic i ty  and Reynolds equations, going 
from the inlet t o  the outlet  w i t h o u t  m a k i n g  any assumptions other t h a n  
neglecting side leakage. 
dimensionless speed U ,  load W ,  and materials G parameters on  minimum 
film thickness was investigated. Ten cases were  used t o  generate the mini- 
mum-film-thickness relationship 
By using the procedures outlined in the analysis the influence of the 
Rmin = 3.07 U 0.71G0.57w-0.11 
The  most dominant  exponent occurred i n  association w i t h  the speed parameter; 
the exponent on the load  parameter was very  small and negative. The materials 
parameter also carried a significant exponent,  although the range of the 
parameter  in  engineering situations  is  limited. The five  dimensionless speed 
parameter values used i n  o b t a i n i n g  the preceding equation were varied over a 
range six times the lowest  speed  value. The fou r  dimensionless load values 
were varied  over a range  1.8  times  the lowest load value.  Conditions  corre- 
sponding t o  the use of solid materials of bronze and s teel  and lubricants of 
paraffinic and  naphthenic mineral o i l s  were considered in obtaining the 
exponent in the dimensionless materials parameter. 
f i lm shape, and flow  within  the  contact. The characteristic pressure spike 
was clearly in evidence as  was the parallel  f i lm shape t h r o u g h  the central 
portion o f  the contact. Minimum film thickness occurred near the outlet o f  
the contact. 
Plots were presented t h a t  indicate i n  detail  the pressure distribution, 
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TABLE I .  - EFFECT OF DIMENSIONLESS LOAD 
PARAMETER ON MINIMUM FILM THICKNESS 
Force   pe rD imens ion less  Dimensionless 
2 
u n i t   l e n g t h ,  load, film thickness ,  
W hi n 
40 000.0 
19.055  3.0000 73 249.3 
19.396  2.4573 60 000.0 
19.711 2.0478 50 000.0 
2 0 . 3 2 7 ~ 1 0 ' ~  1 . 6 3 8 2 ~ 1 0 - ~  
S o l i d  
m a t e r i a l  
Bronze 
Bronze 
S t e e l  
TABLE 11. - EFFECT OF DIMENSIONLESS SPEED 
PARAMETER ON MINIMUM FILM THICKNESS 
u, 
I I 
I " - 




1 .o 19.71 1 
1 . l a 1 6 0  2.0 33.364 
1.7a2240 3 -0 4 3.029 
TABLE 111. - EFFECT OF DIMENSIONLESS  MATERIALS 
L u b r i c a n t  
~- ~- 
P a r a f f i n i c  
Naphthenic 
P a r a f f i n i c  
D imens ion less  






. ~ ________- MINIMUM FILM THICKNESS 
Dimensionless Dimensionless 





1 .oooo 2.0478 
PARAMETER ON 
Minimum film 
t h i c k n e s s  f r o m  
EHL r e c t a n g u l a r  
t h e o r y  , 
Hmi n 
2 0 . 1 5 6 ~ 1 0 - ~  
5  2 3 0 2  
19.711 


















TABLE IV. - EFFECT OF DIMENSIONLESS  LOAD,  SPEED, AND MATERIALS  PARAMETERS ON MINIMUM FILM THICKNESS 
Dimensionless 
film thickness materials speed parameter, load parameter, 
Dimensionless Dimensionless Dimensionless 
W 
EHL theory, G 
















































between H mi n 
and Hmin' 




obtained  from 
Dowsor~ (ref.  7), 
Percentage 
d i f f erence 











































TABLE V. - VALUES OF  LOAD  COMPONENTS, COEFFICIENT OF FRICTION, AND 
LOCATION OF  CENTER  OF  PRESSURE  FOR 10 CASES  EVALUATED 
Dimens ion less  Dimensjonless 
normal   load ,   tangent ia l   load ,  
iJ 'bx 
-. . . . ~ . "  , . -  - ..  ".^ ".I 
2.0478 



















C o e f f i c i e n t  
pressure,  1-1 
c e n t e r  o f  o f  f r i c t i o n ,  
Dimensionless 
xCP 
._  - . .... .. " - ~ 
6 . 1 7 1 6 ~ 1 0 - ~  
5.6008 
4.8979 -. 1240 








- -097 1 -. 1041 -. 1194 -. 1893 
"2317 
- . lo31 
"1810 
c e n t e r  o f  
p r e s s u r e  
o b t a i n e d  f r o m  
l e a s t - s q u a r e s  
f i t ,  x 
C P  
-0.1881 -. 1463 I 
-.1191 - .095  1 -. 1080 -. 125 1 -. 1982 
- .2367 
- .092 1 -. 1456 
I 
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